In the present paper we explore the Hawking radiation as a quantum tunneling effect from a rotating 5 dimensional Myers-Perry black hole (5D-MPBH) with two independent angular momentum components. First, we investigate the Hawking temperature by considering the tunneling of massive scalar particles and spin-1 vector particles from the 5D-MPBH in the Painlevé coordinates and then in the corotating frames. More specifically, we solve the Klein-Gordon and Proca equations by applying the WKB method and Hamilton-Jacobi equation in both cases. Finally, we recover the Hawking temperature and show that coordinates systems do not affect the Hawking temperature.
I. INTRODUCTION
In 1974, Stephen Hawking suggests black holes cannot be completely black, and instead due to the quantum effects or quantum fluctuations they evaporate [1] . Hawking discovered that if a quantum fluctuation takes at the event horizon, then, due to the quantum tunneling effect one of the virtual particles can be produced just inside the black hole, and the other particle outside the black hole. The particle produced inside the black hole will have a negative energy, this causes the black hole to lose mass and shrink over time and eventually after a very long period of time completely evaporate and disappear. On the other hand, the particle produced outside the black hole will have positive energy and can be detected by an observer as a real particle at infinity.
After this amazing discovery, calculation of the Hawking radiation from different types of black holes with various methods become hot topics [3] [4] [5] [6] [7] [8] [9] . Recently, it has been speculated that the Hawking radiation and its entanglement in an analogue black hole has been observed [2] . However, this result is debatable and needs more confirmation by other experiments. Furthermore, previously, the Hawking radiation of scalar bosons, spin-1 vector particles, spin-2 particles, spin-3/2 particles of different types of black holes and wormholes are studied [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] .
On the other hand, Hawking radiation from higher-dimensional black holes has attracted a lot of attention. For example, Hawking radiation from a rotating 5D-MPBH with two angular momentum components was investigated in Refs. [28, 29] , quantum anomalies in 5D-MPBH [30] , Hawking radiation of Dirac particles from a charged 5D-MPBH was investigated in [31] [32] [33] [34] , and recently the tunneling of Dirac particles under quantum gravity effects from 5D-MPBH with a single non-zero angular momentum was studied in [35] . However, vector particles play a fundamental role in particle physics, for example, recently, there was an attempt to explain the origin of dark energy from a massive photon [36] . In Refs. [37, 38] a massive photon or the so-called Darklight was studied to explain the origin of dark matter.
Inspired by this, in this paper, we calculate the Hawking temperature of scalar bosons and spin-1 vector particles tunneling across the near horizon of the black holes using the Hamilton-Jacobi method. In particular, we use the quantum tunneling method to study the Hawking radiation from a rotating 5D-MPBH with two angular momentum components of massive scalar/vector particles. Furthermore, we will aim to solve the problem by using different coordinates. Firstly, we will use the Painlevé coordinates and then we will eliminate the rotating degrees of freedom and introduce an appropriate coordinate transformation to the co-rotating frame [29] .
The organization of this paper is as follows. In Section 2, we introduce the rotating 5-dimensional Myers-Perry black hole (5D-MPBH) and in Section 3, we investigate the tunneling of massive bosons and spin-1 particles from the 5D-MPBH in the Painlevé coordinates. The tunneling of massive bosons and spin-1 particles from the 5D-MPBH in the corotating frame is studied in Section 4. Section 5 is devoted to our conclusion.
II. ROTATING 5-DIMENSIONAL MYERS-PERRY BLACK HOLE
A rotating 5D-MPBH in D = 2n + 1 + ǫ (ǫ = 0 or 1) dimensions, with multiple nonzero angular momentum parameters, can generally be written in the following form [28, 29] 
where
and
Moreover µ i and α are related as
A rotating black hole in D = 5, rotates in each φ i -direction, so there are (D − 1)/2 angular momentum components. Next, let us introduce µ 1 = cos θ, µ 2 = sin θ, φ 1 = φ, and φ 2 = ψ; then we end up with the following metric:
Note that r 0 is length parameter connected with the black hole mass M by
where G is (4 + 1) dimensional gravitational constant. On the other hand the parameters a and b are associated with its two independent angular momenta, respectively. Solving g rr (r + ) = 0 one can find the relation for the event horizon given by
We can now choose a new coordinate frame, co-rotating with the black hole horizon, to eliminate the dragging motion on the rotating degrees of freedom of a tunneling particle by using the following coordinate transformations
in which the corresponding angular velocities at the horizon are given by
Then the metric (5) reads
Note that in the coordinate frame which is co-rotating with the event horizon g tφi = g tφi − g φiφj Ω j , should be zero at the horizon. i.e., g tφi (r + ) = 0 [29] . By taking this into account Eq. (12) simplifies to
in which
The Hawking temperature of the rotating 5-D MPBH in the units k B = c = G = = 1 can be computed as follows [28, 29] 
III. QUANTUM TUNNELING IN PAINLEVÉ COORDINATES
A. Tunneling of vector particles
The particle being emitted by the black hole should not depend on some fixed azimuthal angles (θ 0 , φ 0 , ψ 0 ). If we introduce the following Painlevé coordinate transformation into the Eq. (11) 
then keeping in mind that for a fixed angles in the co-rotating frame the tunneling particles should satisfy dφ = dψ = 0, we find the following metric [29] 
in which T is the Painlevé coordinate time and
The motion of a massive vector particle, described by the vector field Ψ µ , can be studied by the Proca equation (PE), which reads [14] 
where G = det G µν = F H and
The PE equation in the spacetime metric (21) can be solved by applying the WKB approximation method which suggest that
Furthermore by considering the spacetime symmetries of the metric (21), the following ansatz for the action can be chosen
in which E is the energy of the particle. We can now insert Eq. (25) into the Eq. (23) and keep only the leading order of . Hereinafter, we have two differential equations:
With the non-zero elements of the matrix M:
Solving the determinant
we find the following equation
Let us now solve this equation for the radial trajectories to get the following integral
In order to calculate the tunneling rate, one faces the well known factor-two problem (see for example [39, 40] ). The right way to solve this problem is to consider first the invariance under canonical transformations given as p r dr = p + r dr − p − r dr. We can first calculate the spatial contribution of the imaginary part of Im R(r). To do so, first we note that there is a pole at the horizon r = r + of the Eq. (35), since F (r + ) = 0 and H(r + ) = 0, where we have used the relation H = H −1 . Thus if we shift the pole into the upper half plane r + → r + + iǫ and take the imaginary part of Eq. (35) we find
where we have used the relation p r = ∂ r R. Furthermore the above equation can also be written as
The physical meaning of this integral is that it gives the total spatial contribution and that's why we are calculating for a round trip. One can immediately observe from the last equation that there is no contribution to the imaginary part from the second term. However this is not a surprising result since we are using Painlevé coordinates and we know that the particle experiences barrier only from inside the horizon to outside and not the other way. Now we make use of the equation
For the imaginary part of the first term we find Im p r dr = 2πE
Now we have to calculate the temporal contribution. From Eq. (20) the Painlevé coordinate time reads
Substituting this result into the action (26) gives
Therefore for the temporal contribution we find
According to Akhmedova et al [39] , we can find the resulting tunneling rate by putting all these results together
And finally we can find the Hawking temperature by comparing the latter result with the Boltzmann formula Γ B = e −E/TH and setting the Planck constant to unity to get
On the other hand, if we consider the expansions of H(r) and F (r) in Taylor's series near the horizon given as [29] H(r) = ∂ r Π − 2r 
We recover the correct Hawking temperature for the 5D-MPBH given by
As expected, this result is in agreement with Eq. (19) .
B. Tunneling of scalar particles
Let us now consider the Klein-Gordon equation in curved spacetime metric (21) for a massive scalar field Φ given as follows
In which we have used G = det G µν and m is the mass of the scalar particle. This equation can be solved by using the semiclassical WKB approximation which allows us to choose the following ansatz for the scalar field:
where S(T, r) is the classically forbidden action for the tunneling. Inserting the above scalar field Φ into the Eq. (49) we end up with the following expression:
Choosing the action as (26) and solving for the radial part we get
From where one can obtain the same result for the radial part as in the last section
And we recover the same Hawking temperature of scalar particles
IV. QUANTUM TUNNELING IN THE COROTATING FRAME
A. Tunneling of vector particles
We have shown in the first section that we can eliminate the frame dragging effects on the tunneling particle by introducing the corotating frame. If we drop the tilda notation in the metric (11) we find
Let us now recall again that the PE of the vector field Ψ µ , in the spacetime metric (55) reads
where this time G = det G µν = HKF (M N − P 2 ). We apply the same method, namely, we consider the WKB approximation method
Taking into the consideration the symmetries of the metric (55) given by three corresponding Killing vectors (∂/∂ t ) µ , ∂/∂ φ ) µ and (∂/∂ ψ ) µ , we may choose the following ansatz for the action
in which E is the energy of the particle, and j and l are the angular momentum of the particle corresponding to the angles φ and ψ, respectively. If we now insert the Eq. (63) into the Eq. (62) and keep only the leading order of we find the following set of five differential equations:
in which ζ = M N − P 2 andẼ = E − (jΩ a + lΩ b ). From this set of five equations we can construct a 5 × 5 matrix ℵ, which satisfies the following matrix equation
Using the last equation we find the following non-zero matrix elements:
F HζK ,
,
HF ζK ,
If we solve det ℵ = 0, we get the following result
(71) We solve for the radial part to get the following integral
We can now calculate the Hawking temperature. To do so we can fix the angle θ = θ 0 , after that as we know we have to carry out first the spatial part contribution to the imaginary part of Im R(r) and then the temporal part contribution. The spatial part contribution can be easily found if we solve the last integral using (38) which leads us to the following result ImR ± (r) = ± πẼ
Therefore the spatial contribution to the tunneling rate gives
The temporal part contribution comes due to the connection of the interior region and the exterior region of the black hole. Thus, if one introduces t → t − iπ/(2κ), one will have Im (Ẽ∆t out,in ) = −Ẽπ/(2κ). Then the total temporal contribution for a round trip can be calculated as
where the surface gravity is given as follows [29] 
Then Eq. (76) takes the form
The resulting tunneling rate is calculated as
Comparing this result with the Boltzmann factor e −Ẽ/TH , one gets the correct Hawking temperature (19)
B. Tunneling of scalar particles
The Klein-Gordon equation in curved spacetime metric (55) for a massive scalar field Φ reads
We can apply the semiclassical WKB approximation for the scalar field Φ as follows Φ(t, r, θ, φ, ψ) = exp i S (t, r, θ, φ, ψ) .
Then we recover the following equation
Furthermore, we can choose the same form of the action as in the last section
Substituting this action into the Eq. (84) yields
Solving for the radial part is not difficult to show that R(r) = ± 1 H ′ (r + )F ′ (r + ) (E − (jΩ a + lΩ b )) 2 − F (r) m 2 + 1 M N − P 2 (N j 2 + M l 2 − 2P jl) + (∂ θ R) 2 K dr.
(87) In other words, we have shown that the same black hole temperature can be recovered in the co-rotating frame
We therefore conclude that the Hawking temperature for 5D-MPBH is independent of the selected coordinate system.
V. CONCLUSION
In this paper, for 5D-MPBH which has multi-rotation parameters, our results fill in the gap existing in the literature applying the Hamilton-Jacobi tunneling method. We have investigated the tunneling effect of the 5D-MPBH with two independent angular momentum components using the Hamilton-Jacobi method. Furthermore we have calculated the effect of the rotation on the Hawking radiation of scalar particles and spin-1 vector particles from the 5D-MPBH. Firstly, we have calculated the Hawking temperature of massive vector and scalar particles from the 5D-MPBH in the Painlevé coordinates and then in the co-rotating frame by applying the WKB method and Hamilton-Jacobi equation.
The original Hawking temperature of the 5D-MPBH is impeccably obtained in the both coordinate systems in full agreement with [28, 29] . Hence the main result is that the Hawking temperature is independent of the selected coordinate system. Our future project is to investigate the possible role of quantum horizon fluctuations on the Hawking radiation [41] .
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